A large number of new members (∼150) of the Cetus Stream (CS) were identified from their clustering features in dynamical space using 6D kinematic data by combining LAMOST DR5 and Gaia DR2 surveys. They map a diffuse structure that extends over at least 100 degrees in the northern and southern Galactic hemispheres, at heliocentric distances between 20 to 50 kpc. Taking advantage of this expanded dataset, we model the stream with a suite of tailored N-body simulations. Our findings exclude the possibility that the NGC 5824 globular cluster is the core of the progenitor of the stream, as postulated by previous studies. Our best models, which successfully reproduce the features of the CS indicate that the progenitor is likely a dwarf galaxy of ∼ 2×10 9 M , with a diffuse disc morphology. The merger occured ∼ 5 Gyr ago and since then it has experienced approximately eight apo-center passages. Our results suggest that NGC 5824 was either a globular cluster situated off-centre in the dwarf progenitor or, alternatively, it was the nuclear star cluster of another dwarf galaxy that has very similar orbit as the progenitor of the CS. In both scenarios, the progenitor systems would leave streams around NGC 5824, but with distinct distance distributions. To discriminate between these scenarios, the detection and accurate distance measurements of the predicted stream around the GC are crucial, which will be possible in the upcoming LSST era. Our simulations also predict that part of the Southern Cetus stream is very likely the newly discovered Palca stream, and possibly related to another, more diffuse Southern substructure, the Eridanus-Pheonix overdensity.
INTRODUCTION
The standard ΛCDM cosmological model predicts that the Milky Way (MW) formed and grew through galactic mergers. In this hierarchical growth picture, the inner stellar halo consists of early accreted systems that have sunk into the center of the galaxy (see e.g. Bullock & Johnston 2005; Cooper et al. 2010; Amorisco 2017) . Their stellar components have gone through severe phase mixing, and constitute the stellar halo with a relatively smooth distribution in configuration space. Thanks to the precise proper motion measurements from Gaia DR2 (Gaia Collaboration et al. 2018; Lindegren et al. 2018 ), a great deal of debris in the nearby halo are discovered from both kinematical and dynamical space, including those from two massive accreted dwarf satellites, Gaia-Enceladus-Sausage and Sequoia (see e.g. Helmi et al. 2018; Myeong et al. 2019; Matsuno et al. 2019) , and those potentially from minor mergers (Myeong et al. 2018; Koppelman et al. 2019; Yuan et al. 2020) , which need chemical abundances measurements to confirm their unique origins.
As we move further from the Galactic centre, at distances larger than 10 kpc, the un-mixed portions of these large early events start to appear in the shape of stellar clouds splattered across huge regions of the sky e.g. Herqules-Aquila and Virgo Clouds (Simion et al. 2019) . The outer halo is also the reservoir of the wreckage from late minor mergers. The dynamical friction is not strong enough for low mass dwarf satellites to lose orbital energy efficiently, leaving them confined in the outer region of the Galaxy (see e.g. Amorisco 2017) . Stars are continuously being stripped from these small systems as they orbit around the host galaxy, which form streams with relatively coherent distributions in phase space shown as overdensities; the most famous example of stream in the Milky Way is the Sagittarius (Sgr) Stream (see e.g., Mateo et al. 1996; Ibata et al. 2001; Majewski et al. 2003; Belokurov et al. 2006) .
Stellar streams inherit, in their rich observational features, the memory of their progenitors and host galaxy environment, rendering them valuable fossils in our study of ancient dwarf galaxies, assembly history of the MW and present day Galactic potential. For instance, the Sgr stream is a textbook example of an interaction between a host galaxy and a satellite dwarf galaxy. Several studies have attempted to model the Sgr dwarf and the its impact on the disc with N-body simulations. Although the full picture of the merging event is far from clear, some features of the Sgr tidal stream can be successfully explained, such as the bifurcations in the leading tail (Peñarrubia et al. 2010) , the confliction between angular position and radial velocity (Law & Majewski 2010) , and its footprint in phase-space (Dierickx & Loeb 2017) . Laporte et al. (2018 Laporte et al. ( , 2019b show that the Sgr dwarf can induce the Disc phase-space spiral (Antoja et al. 2018) seen by Gaia DR2 (Lindegren et al. 2018 ) by exciting the disc during its first pericentric passage, and it can also reproduce some of the low latitude overdensities such as Monoceros Ring and Anticenter Stream (Laporte et al. 2019a (Laporte et al. , 2020 . Another interesting aspect of the Sgr dwarf galaxy is its association with five globular clusters (GCs) (see e.g. Sohn et al. 2018) , of which, one (M54) is its nucleus.
However, the Sgr stream is the only stream stripped from a dwarf galaxy with abundant observational data and extensive modelling. Until our recent work on the CS (Yuan et al. 2019, hereafter Yuan19) , The Sgr stream was also the only stream with confirmed MW GCs associations. We determined that the CS is dynamically associated with NGC 5824, and also updated the member list of the Cetus Stream from ∼ 20 candidates (Yam et al. 2013) to 151 confirmed ones, based on their orbital propertites. 45 of these members are located in the northern Galactic hemisphere which was not observed in the original discovery paper (Newberg et al. 2009 ). One of the more important unanswered questions is whether NGC 5824 is the core of the progenitor of the CS. This is a likely scenario according to a number of studies which investigated the spread in Magnesium abundances (Roederer et al. 2016; Mucciarelli et al. 2018) , and the extended structures around the GC with deep photometry (Walker et al. 2017; Kuzma et al. 2018) .
In this work we seek to answer this question with dedicated N-body modeling of the merging event, assuming three different scenarios for the progenitor, described in Sec. 3. This is the first detailed numerical analysis of the CS using the updated member list and is significantly different from previous modeling attempts (Yam et al. 2013) . The new sample reveals several distinctive features, and our first goal is to reproduce the full morphology of the stream shown in Sec. 2. We decide the fiducial settings of the system in Sec. 4.1, and show a detailed comparison between our suite of simulations and the features of different components of the CS in Sec. 4.2. From the comparison, we derive constraints on the CS progenitor in Sec. 4.3, and its connection with NGC 5824 in Sec. 4.4. The streams discovered in the Southern Sky that could potentially be related to the CS are shown in Sec. 4.5. We discuss the possible interaction between the Cetus progenitor and the Sgr dwarf, as well as the effect of the Large Magellanic Cloud (LMC) on the simulated stream in Sec. 5. Our findings are summarized in Sec. 6.
OBSERVED CETUS STREAM
The on sky projection of the newly identified Cetus Stream members (Yuan19) using the StarGO clustering algorithm (Yuan et al. 2018) , is shown in Fig. 1 (see magenta circles), in both Galactic and Equatorial coordinates. The new members were identified in a sample of halo stars selected from LAMOST K Giants (Liu et al. 2014 ) and SDSS BHBs (Xue et al. 2008 (Xue et al. , 2011 , cross matched with Gaia DR2 (Lindegren et al. 2018 ), shown It is immediately apparent that the CS is a very diffuse structure and spans a large region of the sky, extending both below and above the Galactic disc. The most densely populated part of the stream , referred to as the "main" CS, has negative v gsr and situates in the Galactic South, same as the Cetus Polar Stream originally discovered by Newberg et al. (2009) . The 20 candidate BHB members with the measurements of distances and radial velocities at the time already seemed to indicate that NGC 5824 could be the core of, or associated with the progenitor of the CS. Our previous work (Yuan19) reached a similar conclusion by rewinding the orbits of NGC 5824 and of the "main" CS members. We found that all the separated components of the stream are located along the orbit of NGC 5824. Moreover, there is an offset of approximately 1.5 Gyr (∼ 2.5 orbital periods) between the orbital phase of the GC and the "main" CS. It implies that the GC and the "main" CS could be stripped at different epochs along the orbit of the same progenitor. Alternatively, they could originate from different progenitors with very similar orbits. In this work, we explore these possibilities using controlled N-body simulations.
SIMULATION SETUP
We set up the numerical framework of different scenarios of the progenitor systems in this section. The MW model is described as an analytic potential, and the satellite progenitors are modeled as particles with varying initial conditions. Galactic (top) and Equatorial (bottom) coordinates. The stream members identified using StarGO from Yuan19 (solid magenta circles) significantly overlap with those identified using FoF method (Xue et al. in prep; open blue circles). The halo sample used for stream identification is shown as steel-blue circles in the background. The simulated stream (gray) from the fiducial run can match most of the CS members. The tracer star at present is plotted by lime-green "X" and the center of the disrupted progenitor is plotted by lime-green "+". NGC 5824 is denoted by the dark-red star symbol. The blue and orange solid lines denote the integrated orbits of the tracer star in the forward and backward directions, respectively. The dark-green band denotes the Palca stream discovered by Shipp et al. (2018) , which matches well with part of the simulated stream in the Southern Sky. -The "main" CS members in the (E, L) space (left) and the (θ, φ) space (right), shown as both scatter and contour plots. The latter space represents the directions of angular momentum. The tracer star is plotted by the lime-green "X", which is located in the low-E region and almost at the center of the density peak in (θ, φ).
the MW Model
The MW potential model used in this work is MWPotential2014 from (Bovy 2015) . It includes both dark matter and stellar components. The former component is described as a spherically symmetric Navarro-Frenk-White (NFW, Navarro et al. (1997) potential with virial mass M vir = 10 12 M , consistent with the recent studies of the MW mass (see e.g. Li et al. 2019b; Wang et al. 2019 , and references within). The stellar component of the MW potential contains a Miyamoto-Nagai disk (Miyamoto & Nagai 1975 ) of 6.8 × 10 10 M with scale length r d = 2.4 kpc, and a Hernquist bulge of 0.5 × 10 10 M with scale length r b = 0.2 kpc (Bovy & Rix 2013) .
The progenitor of the Cetus Stream is estimated to have a mass of 10 4 M -10 6 M , based on the mean metallicity of the stream members (see Yuan19). For such satellite dwarf with a mass less than a few percent of the MW mass, the dynamical friction has negligible effect on its orbit (see e.g., van den Bosch et al. 2018; Li et al. 2019b, and references within) . In this work, we describe the progenitor dwarf with dark matter and star particles using the modified Gadget3 (Springel 2005) , and let it evolve in the analytic MW potential for several orbital periods. The detailed prescription of the progenitor is discussed in Sec. 3.3. The modified MW potential combining with an LMC is applied in Sec. 5.2.
Orbits
Unlike the stream that still has a confirmed remnant core or distinctive features that can constrain its progenitor's orbit, there are no clear observational clues to define the orbit of the CS progenitor. Given the associations between the stream members and NGC 5824, we test three scenarios of the progenitor system that have different relationships with the GC:
1. NGC 5824 is the nucleus remnant of the CS dwarf progenitor;
2. NGC 5824 is in the CS dwarf progenitor, but not its core;
3. NGC 5824 is the core of another dwarf galaxy, with similar orbit to the CS progenitor.
In the first scenario, we assume that the GC and the CS dwarf progenitor have the same orbit, and we refer to it as orbit 1 (O1 thereafter). In the second and third scenarios, we assume that the orbits of the CS progenitor and the GC are different. As we have shown in Sec. 2, the "main" CS is the most densely populated region of the stream. Given this fact, we assume that the stream members in the "main" CS are close to the center of the dwarf progenitor before infall. Based on these assumptions, we first pick out the "main" CS members which satisfy the conditions b < 0 • and v gsr < 0 km s −1 , yielding 68 stars. The distribution of these stars in the total angular momentum (L) versus orbital energy (E) space is shown in the scatter and contour plots, in the left panel of Fig. 2 . The direction of angular momentum vector is characterized by two angles θ and φ, which are defined as θ = arccos(L z /L) and φ = arctan(L x /L), where L x and L z are the x and z components of angular momentum vector in Galactic coordinate. The distribution of the "main" CS members in the (θ, φ) space is shown in the right panel and has a density peak around (65 • , −30 • ) as seen from the contour plot. Most likely, the center of dwarf progenitor would have (θ, φ) values close to the density peak. Thus, we select the stars in its vicinity and integrate their orbits for about three orbital periods both forward and backward in time, and find that they all follow very similar orbits, which can traverse most of the CS members in 6D phase space. We therefore choose a representative star as the tracer star, marked with a lime-green cross, and name its orbit as O2. The tracer star is located in the low-E region of the entire distribution of the "main" CS members, which is consistent with the assumption that the tracer is close to the center of the dwarf progenitor.
We compare these two orbits by integrating the GC and the tracer both forward (t> 0; solid lines) and backward (t< 0; dashed lines) for 3 Gyr (∼ 5 T orb ) as shown in Fig. 3 . The upper panel shows the changes of Galactocentric radii (r) along O1 (blue) and O2 (red). NGC 5824 is currently at r=25.7 kpc (blue circle) and the tracer star is at r=34.2 kpc (red circle). Their orbital periods (T ≈ 0.6 Gyr) and peri-center radii (r peri ≈ 16 kpc) are almost the same, and apo-center radii are very close (O1: 38.6 kpc, O2: 35.9 kpc). All of these facts indicate that O1 and O2 have similar orbital properties.
We further check the orbital phase offset between the tracer star and the GC by showing the the relative distance ∆d O2,GC and velocity ∆v O2,GC of the tracer star along O2 with respective to the current NGC 5824 (see the lower panel of Fig. 3 ). We find that both quantities reach the bottoms of valleys periodically at similar time. The minima of these valleys in both velocity and distance occur almost simultaneously at t = 1.3 Gyr, with ∆d = 0.8 kpc, and ∆v = 10.3 km s −1 . It indicates that 1.3 Gyr from now, the tracer star will be at its closest point to the GC in 6D phase space along the history. The implication is that the lag of the tracer star with respective to the GC is very likely 1.3 Gyr. This is consistent with the results of orbit integrations from our previous study, which shows that the "main" Cetus component (pink band in figure 6 of Yuan19) is about 1.5 Gyr behind NGC 5824.
We show the projection of O1 and O2 in the plane of O2 in the upper panels of Fig. 4 . The solid and dashed lines denote the trajectories of forward and backward orbits respectively, same as Fig. 3 . It can be clearly seen that the two orbital planes are almost identical. We also show the 3D view of O2 in the Galactic rest frame in the lower panel, along with the projections onto the three planes (x, y), (y, z), and (x, z). The angle between O2 and the Galactic plane is 63 • . This is also consistent with the findings from Yuan19, where we renamed the Cetus Polar Stream, 'Cetus Stream' because of its non-polar orbit.
Controlled Runs
Two suites of runs are designed for the first two scenarios with the orbital configurations of O1 and O2. In order to investigate the last scenario, a third suite is configured to have two dwarf progenitors that infall along O1 and O2 simultaneously. In each suite, we use a similar recipe for the dwarf satellites according to Chang et al. (2013) , which contains a NFW dark matter halo and a stellar component. For simplicity, the concentration parameter for all dwarf satellites is set to be 15 and the stellar to halo mass ratio is 0.1.
We explored different configurations of dwarf satellites from two choices of virial masses (20: 2×10 9 M ; 4: 4×10 8 M ) and two categories of morphology (D/d: disc; S: spheroidal) as shown in Table 1 . Disc progenitors have an exponential density profile characterized by r d and h d . D20 and D4 have the same values of specific angular momentum and d20 has a larger value corresponding to a more compact disc. Spheroidal progenitors has a Hernquist density profile with scale length r b .
Since both the CS and NGC 5824 are very metal-poor, their progenitor system is believed to form at high redshift. In this work, we try to simulate its infall history starting from the moment when the tidal stripping just became important. Thus the tidal effect had not yet significantly changed the morphology of the dwarf progenitor. Therefore, the initial conditions of satellites are set to have r 1/2 similar to the dwarf irregulars and ultradiffuse galaxies observed in the local group (see Table 1 ). They are more diffuse than the dwarf spheroidal satellites of the MW and M31, as can be seen from the M 1/2 -r 1/2 relation from Collins et al. (2014 Collins et al. ( , 2019 We also compare simulation runs with different evolution time scales, quantified by the number of apo-center passages. The initial conditions of kinematics (R init and V init ) are derived parameters at its first crossing of four (P4), six (P6), and eight (P8) apo-center passages from orbital integrations, shown in Table 2 . The last column T inf shows the exact time of a satellite in the MW potential since its first apo-center passage. Here we only list the runs discussed in Sec. 4 in Table 2 , whereas a larger set of runs are explored. For the third scenario of two dwarf satellites, the initial condition of each is the same as that in the run with a single satellite.
RESULTS
Streams are pulled out of a satellite galaxy when the gravitational potential of the host galaxy wins over its own potential. Once stars become unbound from the satellite galaxy, they spread along the orbit of the progenitor. Stars with larger energy offset relative to the progenitor locate further from the center. The length of a stream mainly depends on the evolution time and the energy spread of its members, the latter of which scales with the mass ratio between the satellite and the host Amorisco (2015) . These studies also show that the width of a stream depends on its initial spread of angular momentum as well as the evolution time. Since the observed CS is very long and diffuse as shown in Fig. 1 , we first look at the runs that have a relatively large intrinsic spread of orbital energy and angular momentum from the progenitor. In order to achieve that, we first set two controlled runs, for O1 and O2 respectively, with a massive dwarf containing a diffuse disc configuration (D20), and a reasonably long evolution time of eight apo-center passages (P8, ∼ 5 Gyr).
The Fiducial Run
We first show the comparisons between the observed CS and the simulated stream with the progenitor orbit of NGC 5824 from the run (D20, O1, P8) in the first row of Fig. 5 . In the Galactic latitude versus heliocen- The simulated stream in the observable sky, i.e. Dec.> −10 • , is plotted by the 2D density map with gray color scale in the same spaces. Note that the stream records the last snapshot of this run, which is fixed when the center of the progenitor (lime-green "+") reaches the closest point to the present NGC 5824 (red star symbol) in 6D phase space during the last passage. It is very obvious that the "main" CS cannot be densely populated by star particles, although the other parts of the stream can be recovered. We further check the stream by shifting the last snapshot backward and forward for a time interval less than 0.5 Gyr, which is equivalent to make a small phase offset of the progenitor along its orbit. Nevertheless, the "main" CS still cannot be robustly reproduced. We find that such mismatch cannot be solved with a longer stream produced by a more massive progenitor dwarf or longer evolution time. Therefore the first scenario that the GC is the nucleus of the CS progenitor is excluded.
The results from the run (D20, O2, P8) where the progenitor is on the orbit of the tracer star, are shown in the second row of Fig. 5 . In contrast to the results from the previous run, the simulated stream densely populates the "main" CS region, which can be seen clearly from the dark area at b ∼ −50 • -−70 • . In order to obtain a better match with the "main" CS, we shift the last snapshot by 0.2 Gyr forward. Thus the new center (lime-green "+") is 0.2 Gyr ahead of the tracer star (lime-green "X"). The other components of the stream can also be reproduced by this run, as shown in both (b, d) and (b, v gsr ) spaces. Apart from the "main" CS, both the positive v gsr and distant components are critical in the comparisons to the observations. The former is reproduced by both runs, although the overlapping part of the stream with O2 is relatively more diffuse than that with O1 . However, the latter can be only covered by the stream with O2. The close part of the stream with O1 is too faint and also far from the distant component.
We then run the simulation with two dwarf progenitors with (D20, O2, P8) and (D20, O1, P8), which is the third scenario discussed in Sec. 3.2. The simulated stream is nearly the same as the linear combination of the streams from the previous two runs shown in the last row of Fig. 5 . This is due to the negligible interactions between these two satellite dwarfs along the infall history. Note that they were not bounded at their initial crossings of four, six, or eight apo-center passages, therefore it is not straightforward that the third scenario is the group infall of two satellites. Further studies are required to investigate the possibilities of these two satellite dwarfs being in a bounded system at infall. In the current settings, they are two individual dwarfs with very similar orbits, so that we could simply decompose the stream (third row) into two parts that come from the GC progenitor with O1 (first row) and the CS progenitor with -Comparisons between the observed CS and the simulated streams in the observable sky from three different scenarios proposed in Sec. 3.2. The 2D density map of the streams with gray color scale is shown in Galactic latitude versus heliocentric distance (left column) and heliocentric velocity in GSR frame (right column). The four components of the observed CS are denoted by different colors and symbols, and the three important components are the "main" CS (magenta circles), the positive vgsr component (cyan diamonds), and the distant component (magenta squares). The FoF members are plotted with the same symbols but blue edge color. The integrated orbits, the center and the tracer of the CS progenitor, as well as NGC 5824 are plotted in the same way as Fig. 1 . Upper Row (first scenario): The simulated stream from the run (D20, O1, P8) with the orbit of NGC 5824 cannot densely populate the region of the "main" CS. Middle Row (second scenario): The stream from the fiducial run (D20, O2, P8) with the orbit of the tracer star can recover the entire CS. Bottom Row (third scenario): The stream from the run of two dwarf satellites with the same setting as those in the above two scenarios. The noticeable difference compared with the fiducial stream is the denser population in the positive vgsr component contributed by the GC progenitor. The parts of the streams close to NGC 5824 in the Southern Sky are added as yellow scatter in the first two runs, revealing contrasting distributions of distances.
O2 (second row). Compared with the fiducial run shown in the second row, the third scenario has more members in the positive v gsr component, where the most noticeable contribution from the GC progenitor lies. Both progenitors will leave streams around the GC shown as the yellow scatters in the first two rows, which have contrasting differences in the distributions of distances. Stream members along O1 have a wider range of distances, and most of them are densely concentrated at d 30 kpc, further than NGC 5824. In contrast, the members along O2 are located closer than the GC at d 30 kpc and have much more diffuse structure. Such differences in location and morphology of the debris, could help dis-criminate between the second and the third scenarios. The stream around NGC 5824 originating from the GC progenitor would be more detectable than the stream from the CS progenitor. We will be able to look into this region of sky with deep photometric data from the forthcoming LSST (LSST Science Collaboration et al. 2009 ). If the predicted stream exists around the GC at distances larger than 30 kpc, the third scenario will be preferred.
In both possible scenarios, we need the progenitor dwarf to be on O2 to reproduce the "main" CS, which alone can recover the full morphology of the CS. Thus we set the run (D20, O2, P8) as the fiducial run. We dissect each wrap of the simulated stream, and match with the corresponding component of the observed CS in the next section. Based on that, we investigate the constrains on the Cetus dwarf progenitor in Sec. 4.3, and discuss its association with NGC 5824 in Sec. 4.4, where the third scenario will be revisited. The streams discovered in the Southern Sky related to the CS are shown in Sec. 4.5.
Unfolding Multiple Wraps
In order to make one to one comparison between the simulated stream and the individual components of the observed stream, we dissect the fiducial stream by unfolding it along the azimuthal angle Ψ. It is the angle between the star and the progenitor's center, with respect to the MW center (see e.g. Binney & Tremaine 2008, Chapter 3.1), as shown in the inset plot in Fig. 6 . Ψ is used to indicate a star's location on the stream, which records its orbital phase along O2. The entire simulated stream is shown as the gray scatter, and the wraps entering the observable sky with the avoidance of the disk region, i.e. Dec.> −10 • , |b| > 15 • , are highlighted by different colors (blue, orange, green, purple, light-blue, red). The segments in the same wrap, that has the difference in Ψ less than 360 • between two ending points, have the same color.
Three observable wraps (blue, orange, green) belonging to the trailing arm, are named as T1-3. Similarly, the three wraps in the leading arm (purple, light-blue, red) are named as L1-3. Note that the wraps with smaller index numbers are stripped earlier. There are clear offsets in Galactocentric radii (r) between T1, T2, L2, L1 and the progenitor's path represented by the integrated orbits (orange and blue lines). The offset is positive for the trailing arm (T1, T2), and negative for the leading arm (L2, L1). Such differences are due to the fact that the stars in the leading arm have lower orbital energy, and those in the trailing arm have higher energy compared with the center of the progenitor. In addition, the offsets in r of the wraps stripped earlier (T1>T2, and L1>L2) are more significant than those of the wraps stripped later, because stars with larger energy offsets stripped earlier, and situate further from the center of the progenitor (e.g., Johnston et al. 2001; Hendel & Johnston 2015) . Besides the six colored wraps in the observable region, we mark the part of the stream around NGC 5824 in the Southern Sky by yellow (see also middle row of Fig. 5 ). The part of the stream corresponding to the Palca Stream is marked with black, which will be discussed in Sec. 4.5.
The six wraps mentioned above are displayed individually in the different rows of Fig. 7 , from the trailing end (top row) to the leading head (bottom row). The observed stream members are overlaid in each panel as Fig. 5 . The left column of panels shows the sky distribution of the stream in Galactic coordinate (l, b). Same as Fig. 5 , the middle and right columns show its distribution in (b, d) and (b, v gsr ), respectively. The segment of the stream at close to the Galactic disk with |b| < 15 • is colored in gray. This is a nearly empty region of data, as seen from the footprint of the halo sample in Fig. 1 , which explains the gaps in the observed stream. We discuss each wrap in detail, below.
• T1: Most of the star particles of the first wrap (blue) in the trailing arm are at the apo-center of the progenitor's path (see Fig. 6 ). They can match with the distant component (magenta squares) with d 40 kpc and v gsr ∼ 0 km s −1 at b ∼ 50 • shown in the first row of Fig. 7 . T1 is the earliest stripped wrap and thus such matching is important for determining the length of the stream, which exerts critical constraints on the progenitor as discussed in Sec. 4.3.
• T2: The second trailing wrap (orange) overlaps with the positive v gsr component in both (b, d) and (b, v gsr ) spaces, shown as cyan diamonds, although the matched segment of T2 has fairly low density. This component can be recovered robustly by the dwarf progenitor with O1 as shown in the first row of Fig. 5 . Therefore, both the second and the third scenarios from Sec. 3.2 are plausible in reproducing the positive v gsr component. In the case of the fiducial run, The majority of the star particles in T2 lie in the North and overlap with the stream members at d ∼ 30 kpc with negative v gsr , highlighted by cyan triangles. We will show that these stars can be also reproduced by L3 (purple).
• T3: The green wrap is mainly populated in the region of the "main" CS (magenta circles) located in the South with negative v gsr . This is the only segment recovering the "main" CS, which makes T3 the most critical wrap in the determination of the fiducial run. The corresponding segment in T3 has Ψ ≈ −180 • , and is traveling towards the pericenter of the progenitor's path as seen from Fig. 6 . The other segment in this wrap has Ψ ≈ 0 • and is located close to the peri-center, which can match the stream members at b ∼ 40 • , d ∼ 20 kpc, and v gsr 100 km s −1 marked by cyan triangles in the third row of Fig. 7 . As we will show later, L3 (purple) can also recover these stream members in this region. The part of the stream with Ψ ∼ −210 • -−180 • highlighted in black in Fig. 6 , connects with T3 and matches the Palca stream discovered in the Southern Sky which will be discussed in Sec. 4.5.
• L3: The purple wrap is the part of the leading arm closest to the progenitor center. It mainly contributes to the stream in the North, at d 35 kpc. L3 has a large range of v gsr from −100 to 150 km s −1 in this region, and can cover most of these stream members detected in the North marked by cyan triangles. These stars can be also partially covered by T2 (orange), T3 (green), and potentially L2 (light-blue). The part of the stream around NGC 5824 marked by yellow is the extension of L3 in the Southern Sky.
• L2 (light-blue) and L1 (red) are the other two wraps in the leading arm, and both are less populated than the other wraps. L2 may overlap part of the stream in the North with d ∼ 15 kpc and v gsr ∼ 0 km s −1 . There are no stream members found in the Southern part of L2 or L1, which are mainly located at d 15 kpc. The potential stream members possibly have lower orbital energy compared with the existing CS members, which makes The entire simulated stream from the fiducial run unfolded along the azimuthal angle Ψ, which is defined in the schematic diagram in the inset. The stream is shown as the gray scatter plot, where the wraps entering the observable sky are highlighted by different colors (T1: blue, T2: orange, T3: green, L3: purple, L2: light-blue, L1: red). The tracer star, the center of the progenitor, and NGC 5824 are plotted in the same way as Fig. 1, according to their Ψ. The three closest neighboring particles to the GC are denoted by black triangles. The yellow segment represents the part of the simulated stream around NGC 5824, and the black segment denotes the part overlaps with the Palca Stream.
it difficult to identify them as the same stream from dynamical space.
In summary, the "main" CS (magenta circles) is recovered by T3 (green), and the positive v gsr component (cyan diamonds) can be reproduced by T2 (orange). The distant component (magenta squares) is covered by the earliest stripped wrap, T1 (blue). The other members in the Galactic North (cyan triangles) are possibly the mixture materials from T2 (orange), T3 (green), and L3 (purple). We also plot the simulated stream on the projected planes of O2 as shown in Fig. 8 . Different components of the CS can match with the corresponding wraps in the configuration space, and the velocities of the stream members track with the trajectories of these wraps.
We then trace the original distributions of the six wraps in the disc of the dwarf progenitor, shown in Fig. 9 . These wraps are separated in the configuration space (left panel), although they are fully mixed in the velocity space (right panel). The trailing arm facing away from the MW, with negative y sat , was continuously being pushed away. Stars located further from the progenitor center were stripped earlier. For instance, T1 (blue) located in the outermost region of the disc was stripped earliest, followed by T2 (orange) and T3 (green). Similar situation happened to the leading arm with positive y sat , which was continuously being pulled to the MW center. L3 (purple) was located in the innermost region and was the last stripped wrap, whereas the other two wraps, L2 (light-blue) and L1 (red) are initially located at the outskirts of disc.
Constrains on the Progenitor
Using the controlled runs discussed in Sec. 3.3, we investigate the effects from different progenitor settings on the simulated stream.
We first test the runs that have the same dwarf progenito as the fiducial run, but shorter evolution time of six and four apo-center passages. We show the simulated stream from the run (D20, O2, P6) in the first row of Fig. 10 . Note that different wraps are plotted using distinct colors unrelated to the colors used in Fig. 7 . There are four wraps (T1': blue, T2': orange, L2': green, L1': purple) produced in this run. Most of the stream members can be recovered, except for the positive v gsr component. Although the backward integrated orbit (orange) traverses this component, the corresponding blue wrap, T1', clearly has a positive velocity offset. It is because T1' is the earlist stripped material, and has a relatively large offset in orbital energy with respect to the progenitor, yielding a positive offset in v gsr . In the fiducial run, this component is reproduced by the second wrap (T2, orange) in the trailing arm, which has smaller energy offset compared to T1' and follows more closely the progenitor's path, as can be seen from the second row of Fig. 7 . In addition to the mismatch of this component, the distant component can be barely covered by T1', whereas they can be reached by T1 from the fiducial run. For a the similar reason, the trailing arm in the fiducial run has travelled for longer time, and reaches further distance. These comparisons indicate that the stream from the run with six apo-center passages is not long enough to fully recover the observed CS. Similarly, the simulated stream from the run (D4, O2, P8) with a smaller progenitor mass is too short to match with the CS (see the second row of Fig. 7) . It has almost no overlappings with the distant component. As for the positive v gsr component, the closest part belonging to the earliest stripped warp shown in blue, is too thin and also has a positive offset in velocity, similar to the mismatch for the run (D20, O2, P6). In this case, these disagreements are caused by the lack of the initial spreads in orbital energy and angular momentum, which scaled with the mass of the progenitor dwarf as mentioned earlier. In the fiducial settings, the disc is quite diffuse with r 1/2 ∼ 1.6 kpc and M 1/2 ∼ 3.7×10 8 M , that helps reproduce the diffuse features of the CS. Now we test the runs with different types of morphology. The run (d20, O2, P8) has the same set-tings as the fiducial run, except for a more compact disc with r 1/2 = 0.87 kpc and M 1/2 = 2.1×10 8 M . There are mainly three wraps (orange, green, purple) that can be robustly made, as shown in the third row of Fig. 10 . The fourth faint wrap located at the tail of the trailing arm (blue), can reach the distant component, but has very few star particles. On the other hand, there is a dense core at the center of the progenitor, which has not been fully disrupted until the end of the evolution. Since no such observational hints of such an over-density around (l, b) = (0 • , 0 • ) at d ∼ 20 kpc, the dwarf progenitor with a more compact disc compared with the fiducial settings Fig. 6 , the entire fiducial stream as well as the observed CS are projected onto the plane of O2. The colored arrows denote the velocities of the stream members, NGC 5824, and its closest neighboring particles, which all align with the track of the wraps. Fig. 7 in the disc before the infall shown in the configuration (left) and velocity (right) spaces in the satellite coordinate. The contours show the density distribution of all the star particles. The three closest neighbors to the GC are denoted by the black triangles. The MW is on the side of the positive ysat. T1 (blue) located at the outskirt is the wrap stripped earliest in the trailing arm.
is not favoured.
We also explore the case of a spheroidal progenitor in the run (S20, O2, P8). It has M 1/2 = 2.6×10 8 M within r 1/2 = 1.08 kpc, which is slightly diffuse than the dSphs in the MW and M31 according to (Collins et al. 2019 ). The resulting stream is even more diffuse compared to the fiducial stream. Although the wraps still traverse most of the observed stream members, it is difficult to reproduce the "main" CS that is the most densely populated part of the stream. Instead, most of the star particles are in the remnant core that is not fully disrupted, similar to the case of the progenitor with a more compact disc. For the same reason, the progenitor is unlikely to be a spheroidal.
From all the simulation runs in this work, the best model of the Cetus progenitor has a dark matter halo mass of 2×10 9 M and a long evolution time of eight apo-center passages (∼ 5 Gyr). The stellar component requires a diffuse disc with r 1/2 ∼ 1.6 kpc and M 1/2 ∼ 3.7×10 8 M , close to the typical values reported for dwarf irregulars and ultra diffuse galaxies in the local group (Collins et al. 2014 (Collins et al. , 2019 .
The Association with NGC 5824
Based on the results from the fiducial run, we investigate the relationship between the Cetus progenitor and NGC 5824. We pin down the azimuthal angle for the GC (Ψ = 404 • ) by finding its closest point along O2 in 6D phase space. It is plotted as the dark red star symbol in Fig. 6 , with the current galactocentric radius of 27 kpc. For the consistency check, we select the star particles from the fiducial run that are close to the current GC with ∆v 20 km s −1 , and ∆r 5 kpc. The three closest neighbor particles are plotted as black triangles, which consistently have almost the same Ψ as that inferred for NGC 5824 from the integrated orbit. The GC is about two wraps ahead of the tracer star, which is consistent with the phase difference of 1.3 Gyr (T orb ≈ 0.6 Gyr) inferred from Fig. 3 . NGC 5824 is located near L3 (purple), which is the wrap closest to the center in the leading arm. We highlight the segment of the stream around the GC in yellow, which is adjacent to L3 on its right (Ψ ∼ 370 • -430 • ). All of these support the picture that NGC 5824 is situated off-center in the CS dwarf progenitor if it was from the CS progenitor dwarf.
In this scenario, we are able to estimate the birth place of the GC in the original disc before the infall, by tracing its three closest neighboring stars, shown as the black triangles in Fig. 9 . They clearly follow the track of the purple wrap, and have a large range of distances (1 -5 kpc) with respect to the satellite's center. Given that NGC 5824 is very massive (10 6 M ), the dynamical friction timescale in a dwarf galaxy with a mass as low as D20 is around 1 Gyr as estimated by Yuan19. Since the GC is very old, with the age of 12 Gyr, it would have been dragged down to the center before the system fell into the MW. As predicted from the simulations, when the CS progenitor first crossed the apo-center around 5 Gyr ago, the GC was not the nuclear star cluster. How to prevent such a massive cluster from sinking into the center in such a long timescale (∼7 Gyr) remains a puzzle. A similar timing problem exists in the Fornax dSph, where three of five GCs are located outside its half-light radius, and would sink to the center within a few Gyr after the birth. There are several plausible solutions to this problem. One is the orbital expansion caused by the strong tidal effect from the MW (Oh et al. 2000) .
The updated Fornax proper motion shows that it never come close enough to the MW, which rules out this possibility. However, this is still a possible solution for the Cetus progenitor, which suffers stronger tidal disruption compared to the Fornax dSph. Even though we simulate its evolution in the MW potential for eight passages, the tidal effect before the first apo-center crossing is difficult to estimate, but it could cause an orbit expansion and delay the sinking of the GC. A different numerical approach that has a more sophisticated model for the GC is required to study its dynamical evolution in the dwarf satellite orbiting around the MW as shown by Oh et al. (2000) . Another promising solution is the 'corestalling' effect caused by the dark matter core according to several studies (e.g., Goerdt et al. 2006; Read et al. 2006; Cole et al. 2012) . The current positions of Fornax GCs can be explained by a suite of simulations, which show that GCs will remain at the edge of the core radius of the dark matter halo of the Fornax dSph for a sufficiently long time. Although we conclude that the GC is off-center if it is in the Cetus progenitor dwarf, to study its pre-infall location we need to take into account its dynamical evolution in the progenitor, which is beyond the scope of this work.
As we have discussed in Sec. 4.1, the third scenario involving two dwarfs remains a possibility. In this case, there is no timing problem for the GC, since it would be the nuclear star cluster of another dwarf. The GC progenitor would leave a stream around the current NGC 5824 with a heliocentric distance range between ∼20 -40 kpc in the Southern Sky, as shown in the first row of Fig. 5 . The part of the stream with distances larger than 30 kpc is prominent, and cannot come from the Cetus progenitor. To discriminate between the two scenarios, it would be critical to find this part of the predicted stream observationally. Such study will become possible with the LSST (LSST Science Collaboration et al. 2009 ), which will cover the region of the sky around NGC 5824 with deep photometric data.
Cetus in the South
As we can see from the integrated orbits from Fig. 4 , both O1 and O2 penetrate the Galactic plane with an inclination angle of ∼ 60 • . From the fiducial run, about half of the simulated stream is left in the Southern Sky, shown in the lower panel of Fig. 1 . We are curious to see if any footprint of the Cetus Stream can be traced in the southern celestial hemisphere, which is not covered by the spectroscopic data used in this study. Thanks to deep photometric data acquired by the Dark Energy Survey (DES; Dark Energy Survey Collaboration et al. 2016), numerous streams were discovered (Shipp et al. 2018) . We find that a wide stream, "Palca" (green band in Fig. 1) , perfectly matches the predicted stream in the south of the "main" CS. In Galactic coordinates, we see clearly that the "Palca" stream lies closely to the South pole. We then plot the part of the simulated stream with b < −45 • in the upper panel of Fig. 11 , and we color code it by its distance. The footprint of the Palca stream is denoted by the black dashed line. Both the length and trajectory of the Palca agree well with the simulated stream in the overlapping sky area. According to the results using the matched-filter technique with a grid of distance moduli from Shipp et al. (2018) , the distance of the Palca is found to be 36.3 kpc. This is consistent with the majority of the star particles between the two black dashed lines shown as orange shades. Based on these, we think that the Palca stream is very likely the southern extension of the Cetus Stream. Velocity measurements of the stream members are needed to confirm the connection, and they could be soon provided by the Southern Stellar Stream Spectroscopic Survey (S 5 ; Li et al. 2019a ). According to the simulations, the Palca stream would extend further to the Southern celestial hemisphere of the sky, and come close by the LMC shown in the lower panel of Fig. 1 . This region is beyond the coverage of the DES, but will be covered by LSST. We look forward to verifying these predictions using future photometric and spectroscopic surveys.
Besides the Palca Stream, there is another over density, Eridanus-Pheonix (EriPhe), located close to the fiducial stream in the Galactic South, shown as a red triangle is also hard to reach by these two runs. Both the runs with a more compact disc (third) and spheroidal (forth) have remnant cores around the center of the progenitor. The last run inlcuding an LMC with 1.3×10 11 M produces a stream very similar to the fiducial stream, although the forward integrated orbit (blue line) is drastically different from the one without LMC. in Fig. 11 . It was discovered earlier by Li et al. (2016) from the DES. From simulations, there are several wraps across the triangle region with a wide range of distances from 15 kpc (blue) to 25 kpc (light-green). We further highlight the star particles with d ∼ 15 -17 kpc in blue in a zoom-in patch of the sky, as shown in the lower panel. The distribution of these blue star particles matches well with the triangle region of EriPhe. Definite confirmation of their association requires kinematic information. Note that the part of the sky north from the triangle is not in the footprint of the DES according to the original discovery paper (Li et al. 2016) . We need deep photometric observations in the l ∼ 280 • -340 • , and b ∼ −60 • -−30 • sky region, which will become available in the upcoming LSST era. It would also be helpful to discover stream members with a large range of distances (d ∼ 15 -30 kpc) in this region, as predicted by simulations.
DISCUSSION
In this section, we discuss the possible interaction between the Cetus progenitor dwarf and the Sgr dwarf, as well as the effect on the Cetus Stream from the Large Magellanic Cloud (LMC).
Interaction with the Sgr dwarf
The footprints of the "main" CS and the Sgr stream overlap in the region of the South Galactic Cap at similar distances, as can be seen from Newberg et al. (2009); Koposov et al. (2012) . However, their orbital poles have different directions (Yuan et al. 2019) , which makes it possible to distinguish them unambiguously. But since the "main" CS and the Sgr stream are debris left behind by their progenitors, these two dwarfs may have crossed paths with each other during their history.
We first check the distance between the CS and Sgr stream progenitors in the past 2 Gyrs, as shown in the left panel of Fig. 12 . The closest encounter happened at the distance of 17 kpc, 0.12 Gyr ago. Given the fact that the largest satellite has virial radius ∼ 20 kpc, the tidal interactions between these two dwarfs can be safely neglected. The right panel shows the orbit of Sgr in the O2 coordinates system, where the diamond symbols mark the positions of these two progenitors at the closest point. It can be clearly seen that the orbital plane of the Sgr dwarf is almost perpendicular to O2, in which case the tidal stirring between each other is the least significant.
Interaction with LMC
The LMC is the most massive satellite of the MW, located in the Galactic South. Recent studies show that its presence could have had significant effects on some of the thin stellar streams in our Galaxy. For example, the misalignment between the track and the motion of the Orphan stream detected by Koposov et al. (2019) can be explained by the perturbation induced by an LMC with mass of ∼ 1.4×10 11 M . Such misalignment may also happen with Tucana III .
In this work, we set a simple run to evaluate the effect of the LMC on the CS, by combining the potential of the LMC with the MW. The LMC mass is set to 1.3×10 11 M , consistent with Peñarrubia et al. (2016) ; . The LMC initially is situated at the distance of 49.4 kpc, with line-of-sight velocity and proper motion (v los , µ * α , µ δ ) = (262.2 km s −1 , 1.91 mas yr −1 , 0.229 mas yr −1 ) from van der Marel et al. (2002); Kallivayalil et al. (2013) . Based on these values, the LMC was ∼ 60 kpc away from the center of the Cetus progenitor at the most recent apo-center passage of the latter, in which case, the interaction between them should be negligible along the history.
The integrated orbits of the CS progenitor in the combined potential are plotted in the last row of Fig. 10 . Since the LMC was accreted very recently, the backward orbit of the progenitor is not affected much compared with the previous runs, shown as the orange solid lines in each panel. The change in the forward orbit is substantial under the influence of the LMC (see blue lines). However, the stream would follow the orbit of the progenitor during stripping. Therefore the simulated stream with the LMC is very similar to the fiducial stream as shown in (b, d) and (b, v gsr ). The different wraps are color coded same as those from the fiducial run shown in Fig. 7 . The only noticeable difference lies in the green wrap covering the "main" CS. The comparisons show that the run with the LMC has fewer stars with v gsr < − 75 km s −1 . Since the observed stream is fairly sparse in this velocity region, such difference is not critical in matching with the current observations. Note that we use a static MW potential, thus the wake of the MW induced by the LMC is not taken into account. This might affect the morphology of the stream by a noticeable amount according to Gómez et al. (2015) ; , and needs further investigations.
CONCLUSIONS
Motivated by the long time suspicion that NGC 5824 could be the nuclear star cluster of the progenitor dwarf of the Cetus Stream, we perform a series of simulations to investigate this system. Our first step is to recover the morphology of the stream, which is an extremely challenging task without having identified the progenitor, as is the case for the Sgr dwarf. In order to match all the observational features, for the first time, we unfold the simulated stream along the azimuthal angle Ψ, and compare it with different components of the observed stream. Based on all the controlled runs explored in this work, we set the fiducial settings for the Cetus progenitor. It has a relatively massive dark matter halo with mass 2×10 9 M , and a fairly diffuse disc, which is similar to the dwarf irregulars and ultra faint dwarfs observed in the local group (Collins et al. 2014 (Collins et al. , 2019 . Combined with a long evolution time (∼ 5 Gyr) in the MW of eight apo-center passages, our fiducial run can reproduce the length and diffuseness of the CS. The orbital pole of the CS progenitor is at an angle of ≈ 63 • with respective to the Galactic plane, and the orbital eccentricity is ≈ 0.36. The closest distance between the Cetus progenitor and the Sgr dwarf is 17 kpc, in which case the tidal interactions can be neglected. The effect from the LMC is not significant on the stream in the simulation run with a modified MW potential combining an LMC of 1.3×10 11 M , whereas the wake of the MW induced by a massive LMC can have a noticeable effect on the stream (Gómez et al. 2015; Erkal et al. 2018) , which requires further investigations.
Our results show that the GC progenitor is not able to recover the "main" CS, which is the most densely populated part of the stream, as well as the most distant members. Therefore we exclude the first scenario proposed in Sec. 3.2, that NGC 5824 is the core of the Stream progenitor. Instead, it could be situated off-center in the same dwarf as the second scenario, or it could be the core of another dwarf that has very similar orbit as the CS progenitor as the third scenario. In the former case, there is a timing problem for NGC 5824 similar to the Fornax GCs. How to prevent the GC from sinking into the center of the CS progenitor before the system infall to the MW remains unknown, which needs the modeling of the dynamical evolution of the GC in the progenitor. In the latter case, the timing problem does not exist, however the two individual dwarf satellites having very similar orbits is an extremely rare case, given the fact that they are not in a bounded system at infall according to the current kinematics. More detailed studies are required to examine the possibilities that these two progenitors satisfy the group infall condition. Based on this work, in the third scenario, the main contribution from the GC progenitor to the CS is a denser population matching the positive v gsr component. Moreover, the GC progenitor would leave a more detectable stream around NGC 5824 at distances larger than 30 kpc, which could be verified by upcoming deep photometry surveys, such as LSST (LSST Science Collaboration et al. 2009 ).
In addition to predicting a potential stream around NGC 5824, our simulations also provide predictions for the CS footprint in the Southern Sky. Interestingly, we find that the Palca Stream discovered in the DES survey (Shipp et al. 2018) , perfectly matches the simulated stream, which is very likely the Southern extension of the CS. The kinematic information of the Palca members, especially the radial velocity measurements are crucial to confirm this hypothesis. Another diffuse structure, Eri-Phe overdensity, situated in the vicinity of the Palca stream (Li et al. 2016) , could also be related to the CS. In the LSST era, we expect to verify these associations, and uncover the full footprint to the CS in the South. This is the first work dedicated to the modeling of the Cetus Stream and NGC 5824 system, and it shows the power of tailor-made N-body simulations in reproducing stellar streams from dwarf galaxies. This approach could help us unravel the merger tree of our Galaxy, and eventually it could help us set up tailored hydrodynamical simulations of the Milky Way.
